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Title

Explanation

INFINITE SERIES

# The sum of infinite terms that follow a rule.

When we have an infinite sequence of values:

1111
A T U

Which follow a rule (in this case each term is half the previous
one), and we add them all up:

We get an infinite series.

¢ A “SERIES"” sound like it is the list of numbers, but it is
actually when we add them together.
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Trailer of Topic

Infinite
1/8
Series 78

1/4

=)

Za,,=a,+az+~-+a,,+-~
=1

1/2

1/4

Convergent and Divergent Series

divergent series

Zn-1+2+3+4+5...

But can an =

Roripedhlioe O
infinite series =
be convergent? - 4
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Sum of an infinite
geometric series

Absolute Convergence

1P 2 Ol > Absolute
thea S A COAVCEjU\LQ

Condifona |
Converaence

Alternating Series
Test of Convergence

Power series

radius & interval
of convergence
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Learning

Outcome

Minfinite series are useful in mathematics and
in such disciplines as physics, chemistry,
biology, and engineering.

Explain the meaning of the sum of an infinite
series.

Calculate the sum of a geometric series.

Evaluate a telescoping series.
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+* Definition: Infinite Series

> If{ug UpUz v v e e Uy, e e e e} IS @NY sequence then the
infinite sumu; +u, +ug + -+ .. U, + s is called
infinite series OR simply series.

» This is denoted by »'.°_; u,, OR Y u,
> If the number of terms is finite then the series is called finite series

and if the number of terms is unlimited then it is called an infinite
series.

+» Examples:

D)XN2=124+2243%4 i NP+
2)X-D"=1-1+1—-1+ .........

1 1 1 1
B)E-=T142+5+ ot ot
4)X2n—=1)=1434+5+ cvv i 420+ D+ e

» Aseries ). u, is said to be a series of positive terms
Ifu, > 0,vn € N.

» Aseries is said to be an alternating series if the terms of the series
are alternately positive OR negative.

» The series (1), (3) and (4) in the above examples are series of positive
terms, whereas series (2) is alternating series.
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Sr. No. Question Answer
1 Infinite sum of any sequence is called ......... Infinite series
2 Give the condition of series of positive terms. u,>0, VneN
3 Which type of terms held in Alternating alternately positive
series? OR negative

¢ Definition: Sequence of partial sums of a series

» Let ) u, be any series.

» Let us consider the following sums:

Sp, = Uq + U, + Us F o +un

> Let ) u, be agiven series and S5, 52, 83, «vv cvr vv vvevv) Sppy ere ere ere ere ere on

be a different partial sums of); u,,. The sequence
{51,52,53, v v cevvee ey Sppy wen wee wne e e - 1S Called the sequence of

partial sums of) u,,.
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Sr. No. Question Answer
1 The sequence the sequence of
{81552, 53, ver wev wve vvnny Sppy wen en ver wee wne wen J IS partial sums of); u,,
called
2 Give the value of s,. S, =ug + U,

+» Definition: Convergent Series

> Let ). u, be aseries and {s,} be the corresponding sequence of
partial sums.

> The series Y, u,, is convergent, if the sequence {s, } is convergent.

i,e. lim,,_, s, =1l = finite and unique.

» In this case we say ), u, converges to |.

+» Definition: Divergent Series

> Let ) u, be aseries and {s,} be the corresponding sequence of
partial sums.

» The series ), u,, is divergent, if the sequence {s,,} is divergent.

ie. lim, s, =+ OR—

+¢ Definition: Oscillatory Series
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» Let ) u, be aseries and {s,,} be the corresponding sequence of

partial sums.

{s,,} is Oscillates finitely.

l.e. lim,,_, ., s,is finite but not unique.

(@) The series ), u, is said to be oscillate finitely, if the sequence

(b) The series ), u,, is said to be oscillate infinitely, if the sequence

{s,} is oscillates infinitely.

ielim,_ s, =+ OR — x

series.

Sr. No. Question Answer

1 Limit of a sequence is finite and unique Convergent series
then it is said to be..........

2 Write down the condition for divergent lims, = +©0 OR — ©

n—>oo

series.

3 Limit of a sequence is finite but not unique | Oscillate finite series
then it is said to be..........

4 How many types have Oscillatory series? 2 types

5 Give the name of two types of Oscillatory Oscillates finitely &

Oscillates infinitely

INFINITE SERIES
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= NOTE:

Series which divergent OR oscillates are often classed as non convergent
series.

EXAMPLE-1:

Show that the series L +i+i+ ! ISR [
1+2  2%3  3%4 nn+1)
convergent.
SOLUTION:
Si __tr _1_ 1
inceu, = woaD = % T
1 1
U, =———
171 2
B 1 1
27573
1 1
Uy = — — —
373 4
_ 1 1
e h T nm+ 1)
2Sn = UL AUy F U F Uy = T ——

~Jimy o Sy =1imy,e, (1 — —=) = 1, which is unique and finite.

Hence, ). u,, is convergent and converges to 1.
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EXAMPLE-2:

Show that the series );(—1)™ oscillates finitely.

SOLUTION:

Here u,, = (—=1)"
S, =1-1+4+1-1+4+ ..............uptonterms
=1 OR 0 according to as n is odd OR even.
s lim,, . S, = 1 OR 0, which is finite but not unique.

Hence, ),(—1)" oscillates finitely.

EXAMPLE-3:

Show that the series 1+2+3+ .......... +N+ e Diverges.
SOLUTION:
Since Sp = 1+ 2+ 3 4wt = 20D

T . nn+1)
slimy e Sy =limy, o —— =

-.{S,.} is divergent.

Hence, ) u,, is divergent.
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= NOTE:

» In the above examples we have determined the nature of the series
directly using the definition.

» In this universe of series, we come across with it is either difficult OR
impossible to compute the sequence of partial sums.

» Later we come across few sufficient conditions, known as the tests for
convergence, which will be useful to determine the nature of the

given series.

+Theorem-1:
A series of positive terms either converges OR diverges to+oo.

+ Theorem-2:

If a series ) u, is convergent then lim,,_,,, u, = 0.

= NOTE:

» The convergence of the above theorem is not true in general.

lLe.if lim,,,,u, =0
Then the corresponding series ) u,, is not convergent in general.

, . 1

Consider the series ), =

1

Here, u, = N
: : 1

slimy, e wy, = limy o == 0

We consider,
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1 1 1
Sp=1l+—=+—+ ...+ —
" V2 V3 Vn
>1+1+1+ +1( times)
— T T =T ... —(n — times
vn Vn Vn Vn
1
=n*—:\/ﬁ
Vn

slimy, e Sy > limy, eV =
Thus ), u, is divergent even though lim,,_, ., u, = 0

= NOTE:
(i) X u, convergent =lim,_,, u, =0
(i) lim,,_, o u,, = 0=, u,, may be convergent OR not.
(iii) lim,,_,,, u, # 0=) u, is not convergent.
(iv) If . u, is a series of positive terms and lim,,_,,, u,, # 0 then
Y. u,diverges to oo.

Sr. No. Question Answer

1 A series of positive terms either converges +oo
OR diverges to.........

2 If a series ). u, is convergent then........ limu, =0
n—>oo
3 If lim,,_ . u, = 0then the series is False

convergent.(T/F)

4 If )> u,, is a series of positive terms and True
lim,,_,, u,, # 0 then ) u, diverges to o=.(T/F)

+s» Cauchy’s General Principal of Convergence:

=8 Prepared by: Miss. Renuka Dabhi | Maths/Sem-4/P-401/Unit-2 |
INFINITE SERIES

I




SHREE H. N. SHUKLA GROUP OF COLLEGES

A necessary and sufficient condition for the series ); u,, to convergent is
that, given >0, however small, there exist meN, such that

Smip — Sn| < E&VRZ=mMpEN
OR

[Ups1 + Uniz + e Uy <E YR =mMpPEN

+» Definition: Geometric series

Theseries Yo o™ =14+71+71%2+ o+ 14+ ... iscalled
the Geometric series.

#+Theorem-3:

The Geometric series Yo, 7™ is

(i) Convergent if |r|<1,
l.e. -1<r<1 and its sum is 1—;
(ii) Divergent if r21
(iii)  Finitely oscillating if r=-1
(iv) Infinitely oscillating if r<-1

EXAMPLE-4:

2n

3
Test the convergence of )7, e

SOLUTION:

3271 32 n 9 n
rere,un = 5= (5) = ()
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9 [9)2
Zun—1+§+(§) o R

Which is Geometric series with r = % >1

Hence, ) u,, is divergent.

Sr. No. Question Answer
1 Write down the Cauchy’s general |Snip — Sn| <&
principle of convergence in
>
mathematical form. VA = (01D S A
2 Theseries Yo" =14+7+712 + Geometric series
e+ 4+ L is called
3 Give the general form of Geometric >
n
series. z 4
n=0
4 In Geometric series, If we getr>1 Divergent
then the given series is.......
5 Give the example of Geometric series. | | _ 1 N 1 1 N 1
2 22 23 24 7

¢ Definition: Alternating series

A seriesof thetype uq —u; +uUz —ug + oo ee v e e

Where u,, > 0,¥n € N, is called an alternating series and it is denoted by
Yo (=)™ u, .For example, the series 3-9+27-28+ ............... and

1 5 7 9

. are alternating series.
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+» Libnitz test for the convergence of an Alternating series:

The infinite series uy — Uy + U3 — Uy + ... ...... ... .... in Which terms are
alternatively positive and negative is convergent if each term is numerically

less than its preceeding term and lim,,_,, u,, = 0.

EXAMPLE-5:

Show that Alternating series 1 — § + % - % + % — e e e e ae IS CONVErgent.
SOLUTION:
. 1 1 1,1
Bycomparlng1—§+g—;+5— e = A — Ay F A3 — Ay + A5 —
1 1 1 1
We seethata; = 1,a, =5,03=2,0,=7,a5 =7 .

C.aq > a, > as > a, > as D

.. Each term is numerically less than its preceeding term.

Now,
li = li 1 =0
e A T I

Hence by Leibnitz’s test the given series is convergent.

INFINITE SERIES
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Sr. No. Question Answer
1 A series of the type Alternating series
ul_uZ+u3_U4+ “om o oop

Where u,, > 0,Vn € N, is called........

2 Give an example of Alternating series. 1 _ E + l B i N
4 7 10 13 °

3 Which test used for the convergence of Leibnitz’s test
Alternating series?

¢ Test for convergence:

We have proved that a series converges by actually finding its sum.

However, for most convergent series the exact sum s, is difficult OR
impossible to find. In this case we consider the following standard tests;
(i) Comparision test
(ii)  P-test
(iii) D’-Alemert’s ratio test
(iv)  Raabe’s test

(i) Comparision test:
Test-1:
Let ) u, and ), v, be any two series of positive terms.

(A) If u,, < v, forall n>1 and); v,, converges then ) u,,converges
and), u, <X v,.

(B)If u,, < v, forall n>1 and ) u,, diverges then ), v, diverges
and), u, <X v,.
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Test-2:

Let ), u,, and ), v,, be any two series of positive terms. If lim,,_, ., —

Sy

n

Where | is non zero and finite then both the series converges OR

diverges together.

Sr. No. Question Answer

1 In Comparision test, If u,, < v,, forall n21 Converges
and )’ v, converges then ) u,, is.........

2 In Comparision test, If u,, < v,, forall n21 Diverges
and ) u,, diverges then ), v, is......

+» Definition: P-Series OR Harmonic series
. 11,1 1 1 .
The series ZE =ttt v ot s called P-

series or Harmonic series.

(ii) P-test:

The series )’ nip is (1) Convergent, if p>1

(2) Divergent, if p<1

EXAMPLE-6:

Test the convergence OR divergence of the following series:

1

3 5 7

1*2*3+2*3*4+3*4*5+4*5*6+
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SOLUTION:

en-v  _ =) ()
nn+1)(n+2) n3(1+3)(1+2) B n?(1+3)(1+2)

Here, u, =

We consider ), v,, = ), n—12:> p=2>1=) v, is convergent.

Now,

= un . 2
lim — = lim n” % T >
n—oo vn n—oo nz (1 + _) (1 + _)

n n

R Gt B el N
_%L‘?o(1+%)(1+%)_(1+0)(1+0)_2

By Comparison test ), u,, is also convergent.

EXAMPLE-7:

Test the convergence OR divergence of the following series:

2sin;
sin—
n

SOLUTION:

: .1
Since u,, = Zsm;

We consider ), v,, = ), % , Which is divergent as p=1
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Now,

. Uy 4. sin% . sin% . sin 6
lim, = lim,, ,,—% = 11m1_>0 —= =1 (Because,limgy_,, 5 = 1)

1
n n z

S|

By Comparison test); u,, is also divergent.

Sr. No. Question Answer
1 ; EC T LY 2t P-series
The series an =ttt v tot
is called..........
2 P-series is also known as......... Harmonic series
3 Which test used for convergence of P-series? P-test
4 Using P-test, we get p>1 then the series is....... Convergent
EXERCISE - A

Test the convergence OR divergence of the following series:

1 1 1

2) Zcos%
1%2 3+4 5x6
3) Y + Z.g2 + = F+ o
4) Y(Vvn+1—-+n)
n+2
5) Zn3+1
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(iii) D’Alemert’s Ratio Test:
Up+1 l

Let ), u,, be a series of positive terms and lim,,_, , =1

n

(1) If 0<l<1 then ) u,converges

(2) If I>1 then ), u, diverges

(3) If I=1 then from this test alone, we cannot draw any conclusion the
convergence or divergence of), u,.

EXAMPLE-8:

. 20 31 4l
Test the convergence of theseries 1+ =+ —<4+—4+ ...............
22 33 44
SOLUTION:
_n _ (n+1)!
Here, u, = F: Up+1 = m
. u (n+1)! nn" n+1 nnm n" 1
Consider = = * — = *xn't = = =
Un (n+1)"t1 ! (n+1)n+1 (n+1)n nn(1+1)n (1+1)n
n n
T Un+1 1 1 _ 1
slimy L = = limy L —m=-<1
tn (147) @

_ 1\" 1 1
11m(1+—) =e &e>2=2-<=<1
n e 2

n—->oo

Hence, by D’Alembert’s ratio test, ), u,, is convergent.

EXAMPLE-9:

2 4 6

X X X

1
2ﬁ+3ﬁ+4x/§+5\/1

Discuss the convergence of + o
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SOLUTION:

xZn—Z xZn
Here, u, = (n+1)Vn —Un+1 = (n+2)vn+1
Now,
Uni1 x2n (n+Dvn _ (n+1) n

* x2

= ES = k
Up (n+2)Vn+1 x?n-2 n+2) V\n+1

CUpy . (+D [ (1+7) [
* lim = li * x X4 = T
noe U,  moo(n+2) Vn+1l n*°°(1+3) 1+-=
n

(140 1

= b3 2=
(140) J1+0

2

* X

. By ratio test, if x°<1, Y. u,, is convergent and if x’>1, Y u,, is divergent.

When x°=1, ratio test fails.

1 1

For x’=1, then u,, = =
T (n+1)Vn n%(”%)

1 . 3
We choose ), v,, = ),—, whichis convergentas p = 5> 1
nz

Now,

limu—n—limL—lim r _ 1 =1
n—>00vn_n—>oon%(1+%)_n—>oo(1+%)_1+0_

.. By comparison test, ) u,, is convergent.

Hence, if x? <1, Y u,, is convergent and if xX’>1, Y u,, is divergent.
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Sr. No. Question Answer
1 In ratio test we get I>1 then the series is..... Divergent
2 In ratio test we get 0<I<1 then the series is..... Convergent
EXERCISE - B

Test the convergence of the following series:
1 3 5
1) E+Z+§+

2
2) Z:Of=1:_n

3x . 4x? 5x3
3) 2 4—-5--F-?;-4--zf-4- cer en e e
x . x2 x3 xn
4) 1+E+?+E+ ............+n2+1 .............
x x? x3
5) i:§'+'§:E'+'E:;'+ v e e e e

(iv) Raabe’s Test:

Let ), u,, be a series of positive terms and lim,,_,,, n (uu" — 1) =1l
n+1

(1) The series is convergent, if I>1
(2) The series is divergent, if I<1
(3) This test gives no information, if I=1

EXAMPLE-10:

2*4 2%4x6
35 3%5%7

. 2
Examine the convergence of 5T
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SOLUTION:

_ 2#4%6% .. *(2n) _ 2%4%6% s *(2n)*(2n+2)
Here, u, = 22— «(2n+1) N+l ™ 3.5 Th, «(2n+1)*(2n+3)
Now,
Upt1 24 %6 ... x(2n)*x(2n+2) 3 x5x7x .. ... *(2n+1)
= k
U, 3*x5x7=x.... *2n+1)*2n+3) 2%x4%6...........x(2n)
_ 2n + 2
" 2n+3
o Unt1 1 2n+2 .. n(2+%) _(240) _
slimy, e . lim,,_, s oo n(2+%) = a0 =

Therefore, D’Alembert’s ratio test fails.

Now,
U, _2n+3 1
Upiq C2n+42 2n + 2

I (”" 1)—1' — i n ___ 1 1.,
oo\, _ni%2n+2_n‘l§on(2+z)_(2+0)_z
n

By Raabe’s test, ), u,, is divergent.

EXAMPLE-11:

1#3%5% . *(2n—1) . Tt

Discuss the convergence of )
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SOLUTION:

1%3%5% .0 *(2n—1) n
Here, uy 254%6% ........... *(2n)
1%3%5% ..o *(2n—-1)*(2n+1
N @n-1s@n+D)  pyq
244%6% ............. *(2n)*(2n+2)
Now,

Uppr  1*#3#5*x..x(Cn-1)«2n+1) 2%4x6x*.x(2n)
= *
Uy, 2+%4%6% ....x(2n)*x(2n+ 2) x 135 ., (2n—1)*xn

2n+1
= E 3
m+2
1
Uy . 2n+1 . n@2+-)
lim = lim *x=11m—2*x=x
n—-oo un n—-oo 2n+2 n—-oo TL(Z‘I‘—)
n

.. D’Alembert’s ratio test,); u,, is convergent if x<1 and divergent if x>1.

If x=1 then ratio test fails.

When x=1, ¥t = 2041
" up 2n+2
We consider,
Uy _2n+2 1
Uper  2n+1 7 2n+1

: n(un —1)= e
C \ Uy 2n +1

I (u" 1)—r LT n_ __t _1_,
o Upi1 _n1—>r2327’l+1_nl—golon(z_l_l)_(z-l-())_z
n
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By Raabe’s test, ), u,, is divergent.

Hence ), u,, is convergent if x<1 and divergent if x > 1.

Sr. No. Question Answer
1 If the D’Alembert’s ratio test fails, then | Apply Raabe’s test
what to do?
2 In Raabe’s test if I=1 then the series is ... Test gives no
information
3 In Raabe’s test if I<1 then the series is Divergent
EXERCISE —C

Discuss the convergence of the following:

1 1x3 135
1) -+
2 2x4 2%4%6
45710 ......ccuuveee 3n+1
2) X ( ) 4 xm

36 %2 3%6+9
710 7x10%13

+» Definition: Absolutely convergent series

A series ), u,, is said to be absolutely convergent if );|u,,| is convergent.
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+» Definition: Conditionally convergent series
A series ), u,, is said to be conditionally convergent if ) u,, is convergent
and );|u,| is divergent.

#+ Theorem - 4:

An absolutely convergent series is convergent.

EXAMPLE-12:

. 1 1 1 . .
The series 1 — 5 + =z 3 + .. ... ... is absolutely convergent as the series

1.1 1 . 1
1+-+5+=5+ . isconvergentasr = - < 1.
2 22 2 2

EXAMPLE-13:

. 1,1 1 . :
The series 1 — St3 71 e isnot absolutely convergent, since the
_ 11,1 s
series 1 + 5 + 3 + " + v e is divergent.
: 1.1 1 .
Also we know that the series 1 — 3 + 371 F e e e e e e IS CONVErgent.

Hence, given series is conditionally convergent but not a absolutely convergent.

Sr. No. Question Answer
1 If |u,| is convergent, then the series is Absolutely
called.......... convergent series
2 If ). u,, is convergent and };|u,,| is Conditionally
divergent, then the series is called....... convergent series
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3 An absolutely convergent series is ......... Convergent

+* Definition: Power series

A series of the form Y50 o a,x™ = ag + a1 x + azx* + ............. +a,x" +
......... where ay, a4, a,, ... ... ... ... ... are constants, is called a power series in
X.

OR

A series of the form
21010=0 an(x - a)n =
agt+a;(x—a)+a;(x —a)’+ oo i@y (x — ) +

Is called a power series in (x-a).

#+Theorem-5:

Let Yoy A, X" be a power series and lim,,_, o,

An+1

1
- E: R € (—OO’OO)

n

(i) If |x]<R then the series is convergent.
(i)  If |x]>R then the series is divergent.
(iii)  If |x]=R then we can draw no conclusion by this test.

» We call number R in above theorem, the radius of convergence
sz:f:o anxn'

» The collection of values of x for which }7"_, a,x™ converges is called
the interval of convergence OR the range of convergence
sz:f:o anxn'
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» It seems that the interval of convergence takes one and only one of
the following forms:

[0, O]r ('Rl R)I ['Rl R)I (-RI R]I [-Rl R]r ('°°r °°)

EXAMPLE-14:

Find the radius of convergence for the series
(e 0] xn
z n+ 2

n=0

SOLUTION:

n xn+1

x
Here, u, = m:)'u,H_l = m

D Upgq (X" <n+2> (n+2>
T u, \n+3 x™ n+3

) _ n+2 _ I+-
=11m‘( >x|=11m x| = |x|
n—-oo n+3 n—oo 1+_

~ lim
n—oo un

.. By ratio test, the series is converges if |x| < 1 and diverges if|x| > 1.

.. The radius of convergence R=1.

EXAMPLE-15:

Find the radius of convergence and interval of convergence of the series

Z“’: )nn
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SOLUTION:

S_ _ (_S)nxn _ (_3)n+1xn+1
ince tn = T TUnn = g
Upeq ((3)M ™\ Vn+1 3 | +1
= = —3X
Uy Vn+2 (=3)"x™ n+2
n+1 1+%
lim = lim [-3x = lim |—3x 5| = 31x]
n-oo | U, n—-oo n+2 n—oo 1+=
n

. o . 1 .

.. By ratio test, the series is converges if 3|x| < 1 =|x| < Eand diverges
. 1

if3[x| > 1=|x| > 5

. . 1 . . 11
.. The radius of convergence is R = 3 and the interval of convergence is (— 5,5)

Sr. No. Question Answer
1 A series of the form Y7, a,x™ = ay + a;x + Power series
Ay X2 + e @XM+ where
g, A1, Ay, wev e oo .. 0 AFE CONStaNts, is
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called............
2 If [x|<R then the series s .............. Convergent
3 The collection of values of x for which Interval of
Ym—o AnXx™ converges is called....... convergence
4 Interval of convergence is also known as....... Range of
convergence
EXERCISE -D

Find the radius of convergence and interval of convergence of the series:

1) x +2x2 +3x3 +4x* + i

2) 2—ix+%x2—£x3+ .............
57 ' 5

53
o X"
3) Zn=1ﬁ
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