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Definition of logarithm 
 

 If  𝑥 is a real number then its logarithm to the base  𝑎 is defined as the exponent 

which when raised to the base of the number  𝑥 is obtained. 

log௔ 𝑥 = 𝑦 

𝑥 = 𝑎௬  (𝑎 > 0 , 𝑎 ≠ 1 , 𝑥 > 0) 

 𝑎௬ = 𝑥 is called exponential form and log௔ 𝑥 = 𝑦 is called logarithmic form. 

 For example; 

Sr. No. Exponential form Logarithmic form 

1 3ସ = 81 logଷ 81 = 4 

2 2ହ = 32 logଶ 32 = 5 

3 3ିଶ =
1

9
 logଷ ൬

1

9
൰ = −2 

4 2ଵ = 2 logଶ 2 = 1 

 

Properties of logarithm 
 
 Negative numbers and zero have no logarithms. 

 The logarithm of 1 to any base is zero. (log௔ 1 = 0) 

 The logarithm of any number (≠1) to the same base is unity. 

 

Laws of logarithm 

1) log௔(𝑚𝑛) = log௔ 𝑚 + log௔ 𝑛 

2) log௔ ቀ
௠

௡
ቁ = log௔ 𝑚 + log௔ 𝑛 

3) log௔(𝑚௡) = 𝑛 log௔ 𝑚 

4) log௔(𝑎௡) = 𝑛 log௔ 𝑎 = 𝑛 
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Common logarithms 

 The logarithms calculated to base 10 are called common logarithms. 

 It is denoted by logଵ଴ 𝑎 

 

 

Example-1: 

Write the following in logarithmic form. 

1) 8ଷ = 512  ⇒   log଼ 512 = 3 

2) 32
ଷ

ହൗ = 8  ⇒   logଷଶ 8 =
ଷ

ହ
 

3) 10ିଶ = 0.01  ⇒   logଵ଴ 0.01 = −2 

4) 3଴ = 1  ⇒   logଷ 1 = 0 

5) 4ିଷ =
ଵ

଺ସ
  ⇒   logସ ቀ

ଵ

଺ସ
ቁ = −3 

 

 

Example-2: 

Express the following in exponential form. 

1) logଽ(6561) = 4  ⇒   9ସ = 6561 

2) log భ

భల

ቀ
ଵ

଼
ቁ =

ଷ

ସ
  ⇒   ቀ

ଵ

ଵ଺
ቁ

ଷ
ସൗ

=
ଵ

଼
 

3) logହ ቀ
ଵ

ଶହ
ቁ = −2   ⇒   5ିଶ =

ଵ

ଶହ
 

4) logଶଵ 1 = 0  ⇒   21଴ = 1 
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Example-3: 

Simplify the following terms; 

1) log 15 − log 5 − log 2 

2) 
ଵ

ଶ
log 49 − 3 log 2 +

ଵ

ଷ
log 27 

3) log 3𝑥 + 3 log 𝑥 

4) 4 log 5 + 2 log 4 

 

Solution: 

1) log 15 − log 5 − log 2 = log 15 − (log 5 + log 2) 

                                      = log 15 − log(5 × 2) 

                                                = log 15 − log 10 

                                                 = log ቀ
ଵହ

ଵ଴
ቁ 

                                                  = log ቀ
ଷ

ଶ
ቁ 

2) 
ଵ

ଶ
log 49 − 3 log 2 +

ଵ

ଷ
log 27 = log(49)

ଵ
ଶൗ − log 2ଷ + log(27)

ଵ
ଷൗ  

                                               = log(7ଶ)
ଵ

ଶൗ − log 8 + log(3ଷ)
ଵ

ଷൗ  

                                               = log 7 − log 8 + log 3 

                                                = (log 7 + log 3) − log 8 

                                                =  log(7 × 3) − log 8 

=  log ൬
21

8
൰ 

3) log 3𝑥 + 3 log 𝑥 = log 3𝑥 + log 𝑥ଷ 

                           = log(3𝑥 ∙ 𝑥ଷ) 

                           =  log(3𝑥ସ) 
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4) 4 log 5 + 2 log 4 = log 5ସ + log 4ଶ 

                            = log 625 + log 16 

                            = log(625 × 16) 

                            = log(10000) 

                             = log 10ସ 

                             = 4 log 10 

                             = 4 

 

Example-4: 

Find the values of  𝑥 in each of the following: 

1) logଶ 𝑥 = 4 

2) log௫ 64 = 6 

3) logଵ଴ 𝑥 = −2 

 

Solution: 

1) logଶ 𝑥 = 4 ⇒  2ସ = 𝑥 ⇒ 𝑥 = 2 × 2 × 2 × 2 = 16  

2) log௫ 64 = 6 ⇒  𝑥଺ = 64 ⇒  𝑥଺ = 2 × 2 × 2 × 2 × 2 × 2 =  𝑥଺ = 2଺ ⇒ 𝑥 = 2 

3) logଵ଴ 𝑥 = −2 ⇒ 𝑥 = 10ିଶ ⇒ 𝑥 =
ଵ

ଵ଴మ
⇒ 𝑥 = 0.01 

 

 

Example-5: 

Prove that 

1) log
ଵଵ

ହ
+ log

ଵସ

ଷ
− log

ଶଶ

ଵହ
= log 7 

2) 3 log 4 + 2 log 5 −
ଵ

ଷ
log 64 −

ଵ

ଶ
log 16 = 2 
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Solution: 

1) 𝐿𝐻𝑆 = ቀlog
ଵଵ

ହ
+ log

ଵସ

ଷ
ቁ − log

ଶଶ

ଵହ
 

= log ൬
11

5
×

14

3
൰ − log

22

15
 

= log ቎

11
5

×
14
3

22
15

቏ 

= log ൬
15 × 11 × 14

5 × 3 × 22
൰ 

= log 7 = 𝑅𝐻𝑆 

∴  log
11

5
+ log

14

3
− log

22

15
= log 7 

 

2) 𝐿𝐻𝑆 = 3 log 4 + 2 log 5 −
ଵ

ଷ
log 64 −

ଵ

ଶ
log 16 

= log 4ଷ + log 5ଶ − log(64)
ଵ

ଷൗ − log(16)
ଵ

ଶൗ  

= log 64 + log 25 − log(4ଷ)
ଵ

ଷൗ − log(4ଶ)
ଵ

ଶൗ  

= log(64 × 25) − log 4 − log 4 

= log(64 × 25) − 2log 4 

= log(64 × 25) − log 4ଶ 

= log(64 × 25) − log 16 

= log ൬
64 × 25

16
൰ 

= log 100 

= log 10ଶ 

= 2 log 10 

= 2 = 𝑅𝐻𝑆 
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Some standard forms of Decimal and Exponential 
 
Sr. No. Log form Exponential form 

1 logଵ଴ 1 = 0 10଴ = 1 
2 logଵ଴ 10 = 1 10ଵ = 10 
3 logଵ଴ 100 = 2 10ଶ = 100 
4 logଵ଴ 0.1 = −1 

10ିଵ =
1

10
= 0.1 

5 logଵ଴ 0.01 = −2 
10ିଶ =

1

100
= 0.01 

 
 

Characteristic and Mantissa of a logarithm 
 
 Consider 𝑛 be a positive real number and let 𝑛 = 𝑚 × 10௣ be the standard form, 

where 𝑝 is an integer and 𝑚 is a real number between 1 and 10. 
i.e. 1 ≤ 𝑚 < 10 
 We have, 

𝑛 = 𝑚 × 10௣ 
∴  log 𝑛 = log( 𝑚 × 10௣) = log 𝑚 + log 10௣ = log 𝑚 + 𝑝 log 10 
∴  log 𝑛 = log 𝑚 + 𝑝            … … … … … … (1) 

 Since 𝑝 is an integer and 1 ≤ 𝑚 < 10 
Now,  

1 ≤ 𝑚 < 10  ⇒   log 1 ≤ log 𝑚 < log 10   ⇒   0 ≤ log 𝑚 < 1 
 Thus, the logarithm of positive real number 𝑛 consists of two parts: 

i) The integral part (𝑝), which is an integer. 
ii) The decimal part (log 𝑚), which lies between 0 and 1. 

 Therefore, the integral part is known as the Characteristic and the decimal part is 
known as Mantissa. 

 So, from the equation (1), we have 
log 𝑛 = 𝑝 + log 𝑚 = 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙 𝑝𝑎𝑟𝑡 + 𝑑𝑒𝑐𝑖𝑚𝑎𝑙 𝑝𝑎𝑟𝑡

= 𝐶ℎ𝑎𝑟𝑎𝑐𝑡𝑒𝑟𝑖𝑠𝑡𝑖𝑐 + 𝑀𝑎𝑛𝑡𝑖𝑠𝑠𝑎 
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Method to find Characteristic 
 
Method-1: To find the characteristic of a negative number (𝑛 < 1) 
Step-1: Let 𝑛 be the given number 
Step-2: Write the number in the standard form (𝑛 = 𝑚 × 10௣) of decimal 
Step-3: The index of 10 in the standard form, that means 𝑝 is the Characteristic of 
given number 
Method-2: To find the characteristic of a positive number (𝑛 ≥ 1) 
Step-1: Let 𝑛 be the given number 
Step-2: Write the number in the standard form (𝑛 = 𝑚 × 10௣) of decimal 
Step-3: If the number is graeater than or equal to 1, then obtain the Characteristic by 
using the formula 
𝐶ℎ𝑎𝑟𝑎𝑐𝑡𝑒𝑟𝑖𝑠𝑡𝑖𝑐 = (𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑑𝑖𝑔𝑖𝑡 𝑡𝑜 𝑡ℎ𝑒 𝑙𝑒𝑓𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑑𝑒𝑐𝑖𝑚𝑎𝑙 𝑝𝑜𝑖𝑛𝑡) − 1 
 
Example-6: 

Obtain the Characteristic of the logarithms of each of the following numbers by using 
their standard forms. 

a) 2123.50 
b) 134.02 
c) 75.1330 
d) 2.1444 
e) 0.39139 
f) 0.06213 
g) 0.00712 
h) 0.00069 
i) 0.00003 

 
Solution: 

Sr. No. Number Standard form Characteristic 
a) 2123.50 2.12350 × 10ଷ 3 
b) 134.02 1.3402 × 10ଶ 2 
c) 75.1330 7.51330 × 10ଵ 1 
d) 2.1444 2.1444 × 10଴ 0 
e) 0.39139 3.9139 × 10ିଵ -1 
f) 0.06213 6.213 × 10ିଶ -2 
g) 0.00712 7.12 × 10ିଷ -3 
h) 0.00069 6.9 × 10ିସ -4 
i) 0.00003 3.0 × 10ିହ -5 
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Mantissa of a logarithm of a number 
 
 The table of logarithm is used to find the mantissa of logarithm of numbers. (A 

table of logarithm is appended at the end of the material) 
 Table consists of 90 rows and 20 columns. 
 In a table, every row begin with two digit number like as 10, 11, 12, 13, 14, 

………………… 97, 98, 99 and every column is headed by single digit number 
0, 1, 2, ………….. 8, 9. 

 On the right of the table, we have big column, which is divided into 9-
subcolumns headed by the digits 1, 2, 3………. 8, 9. This column is called the 
column of mean differences. 

 
Note: 
 If the given number has one digit, we replace it by a two digit number obtained 

by adjoining zero to the right side of the given number. For example, the number 
of 3 is to be replaced by 30 for getting the mantissa. 

 The digits used to obtain the mantissa of a given number are called the 
significant digits. 

 
 

Method to find Mantissa of a logarithm of a number 
Step-1: Let 𝑛 be given number 
Step-2: Write the significant digits of a given number 
Step-3: Select the first two digit, in the significant digit 
Step-4: Look in the row starting with the number, obtained in Step-3 in the logarithm 
table 
Step-5: After getting row in Step-4, look at the number in the number column headed 
by zero 
Step-6: If there is fourth significant digit, then move to the column of mean difference 
and look under the column headed by the fourth significant digit. Now, find the 
number there and add this number to number obtained in Step-5. Then, we get the 
required mantissa of a given number. Otherwise, the number getting in Step-5 is the 
required mantissa. 
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Example-7: 

Obtain the mantissa of the logarithm of the number 1974 
 
Solution: 

We have log 1974 = 𝑛 
First, we look the row starting with 19. 
In this row, look at the number in the column headed by 7. 
This number is (2945). 
Now, move to the column of mean differences and look under the column headed by 
4 in the row corresponding to 19. 
We get the number (9) there. 
Here, we add these number as 2945+9=2954 which is the required mantissa 
of log 1974. 
 
Example-8: 

Calculate the mantissa of the logarithm of the number 74.21 
 
Solution: 

We have log 74.21 = 𝑛 
First, we look the row starting with 74. 
In this row, look at the number in the column headed by 2. 
This number is (8704). 
Now, move to the column of mean differences and look under the column headed by 
1 in the row corresponding to 74. 
We get the number (1) there. 
Here, we add these number as 8704+1=8705 which is the required mantissa 
of log(74.21). 
 
Method to find complete value of 𝐥𝐨𝐠 𝒏 
Step-1: Let the given number be 𝑛 
Step-2: Obtain the characteristic 
Step-3: Obtain the mantissa 
Step-4: The required result is log 𝑛 = 𝑐ℎ𝑎𝑟𝑎𝑐𝑡𝑒𝑟𝑖𝑠𝑖𝑐 + 𝑚𝑎𝑛𝑡𝑖𝑠𝑠𝑎 
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Example-9: 

Use logarithm table, to calculate the value of the following: 
a) log(0.00073615) 
b) log(2.0017) 
c) log(106.0606) 
d) log(20.201) 

 
Solution: 

a) Let 𝑛 = 0.00073615 
We have the first four non-zero digit is 7361 
Now, the Characteristic of 𝑛 is -4 and Mantissa of 𝑛 is 8670 
So, log(0.00073615) = −4 + 0.8670 = 4.8670 

b) Let 𝑛 = 2.0017 
We have the first four non-zero digit is 2001 
Now, the Characteristic of 𝑛 is 0 and Mantissa of 𝑛 is 3012 
So, log(2.0017) = 0 + 0.3012 = 0.3012 

c) Let 𝑛 = 106.0606 
We have the first four non-zero digit is 1060 
Now, the Characteristic of 𝑛 is 2 and Mantissa of 𝑛 is 0235 
So, log(106.0606) = 2 + 0.0253 = 2.0253 

d) Let 𝑛 = 20.201 
We have the first four non-zero digit is 2020 
Now, the Characteristic of 𝑛 is 1 and Mantissa of 𝑛 is 3054 
So, log(20.201) = 1 + 0.3054 = 1.3054 

 
 
 

Application of logarithm to solve Pharmaceutical problems 
 

1) Glomerular filtration rate (GFR) 
 The normal range for GFR is 1.25 − 2.10𝑚 = 1.25 − 2.10𝑚ଶ/𝑠 =  1.73𝑚ଶ 

and varies with sex and age. 
 The basic formula for clearance (𝐶𝑙௫) of a substance X is 

𝐶𝑙௫ =
𝑈௫ ∙ 𝑉

𝑃௫
  … … … … … … … (1) 

            Where, 𝑈௫ =Urine concentration of X 
                         V  = Urine volume per time 
                          𝑃௫ =Plasma concentration of X 
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 Taking log of equation (1), we get 

log 𝐶𝑙௫ = log ൬
𝑈௫ ∙ 𝑉

𝑃௫
൰ = log 𝑈௫ + log 𝑉 − log 𝑃௫ = 𝐴(𝑠𝑎𝑦𝑠) 

 Now, taking antilog, we get the value of (𝐶𝑙௫) 
𝐶𝑙௫ = 𝑎𝑛𝑡𝑖𝑙𝑜𝑔(𝐴) 

 
2) First order kinetics 
 The change in drug concentration based on time can be expressed as 

𝐶 = 𝐶଴ ∙ 𝑒ି௞௧ 
           Where, C=concentration at time t 
                        𝐶଴=initial concentration 
                         k=rate constant 
                         t=time 
                         e=natural logarithm 
 Taking logarithm, we get 

log 𝐶 = log(𝐶଴ ∙ 𝑒ି௞௧)

= log 𝐶଴ + log 𝑒ି௞ = log C଴ − kt log e = log C଴ − kt(0.43429) 
 

3) Drug-concentration capacity-limit process 
 We have, 

log 𝐶 = log 𝐶଴ +
(𝐶଴ − 𝐶)

2.303𝐾௠
−

𝑉௠௔௫

2.303𝐾௠
 

Where, C=drug concentration 
             𝐾௠=Michaelis-Menten constant 
             𝑉௠௔௫=Theoretical maximum rate of the process 
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