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¢ TITLE JUSTIFICATION :

The title justified as that in 1822 a French mathematician Joseph Fourier invented a Fourier
series Function. According to Fourier series if we have any periodic signal (means that signal
repeat itself after some particular time) we can calculate their time period and frequency. In short,
“Fourier series is a way of representing a periodic function as a (possibly infinite) sum of sine and
cosine functions.” Fourier series is a very powerful method to solve ordinary and partial

differential equations.

s THEME :

In this chapter we will study about the Fourier series which is useful to find out the frequency of
the periodic function. The Fourier series is a particular way of rewriting functions as a series of
trigonometric functions like in the form of Sine & Cosine for the wave function. For functions that are
not periodic, the Fourier series is replaced by the Fourier transform. Fourier series also use as the
Signal processing, Image Processing, Heat distribution, Wave simplification, Radiation

measurement etc....
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 INTRODUCTION :

+ Fourier Series:

® Any piecewise smooth function defined on a finite interval has a Fourier series expansion.

e In 1822 French mathematician ].B. FOURIER invented Fourier series. It is an infinite series
representation of periodic function in terms of the trigonometric sine and cosine functions.
Fourier series is a very powerful method to solve ordinary and partial differential equations.

e Fourier series is possible not only for continuous functions but also for periodic functions,

functions which are discontinuous in their values and derivatives.

e “A Fourier series is defined as an expansion of a periodic function or representation of a

function in a series of sines and cosines, “

a =] o )
f(x)= 70 + Y a,cosnx+ » b, sinnx
=~ n=1 n=1

Here is the coefficients ao, an and by are the Fourier coefficients of f (x) defined as:

Watch now

Fourier coefficients of f(x), given by the Euler o

formulas

(]

1 T
ap = —— j_nf(x)dx

1 m
ap =— j f(x) cosnxdx
) -1

1 T
b, =— f f(x) sinnx dx
T J_ g
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Expansion of periodic function as sine and cosine is known | Fourier series
as
What are the Fourier co efficient? a0, an and by
Write the value of ao co efficient ? 1 (7
= f S (x)dx
2w J_
) A o
Write the value of a, co efficient ? = J [ (x) cos nxdx
-
1" _
Write the value of b, co efficient ? = f f(x)sinnx dx
—ir
. u" c - c e -
Write the Fourier series equation in terms of sine & cosine. | /{x)=—-+ 2 a,cosnx+ Y b, sinnx
& =] n=|

+» Fourier Series Co - efficient:

Let us further assume that f(x) can be represented by a trigonometric series,

f(x) = ao + 2, (a,cos nx + b, sin nx) —T<x<sn7
! . (A)

e FOR DETERMINATION OF Qo :

if we integrate both side of equation (A):

“_n_ f(x)dx = ‘_—r ap dx + fv Y (a, cos nx + b, sin nx) dx

|

o > ]
"7 i A
= 2maop + 2 An ‘ cos nx dx + 2 b | sin nx dx
=TT VT

n=1 n=1

but

W | . | . )
cos nx dx = — sin nx = — [sin nw — sin(—nm)] = 0
J-w n = n
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because n is an integer. Similarly,

(™ sin nx dx = 0. So

™ £ dx = 27a

and solving for ap gives

ay =

f(x) dx

= =

e FORDETERMINATION OF ay :

For determine we have multiply equation A with cos mx and integrate with limits.

P .iTr o0
‘ f(x) cos mx dx = ’ [rm + 2 (a, cos nx + b, sin n.\')} cos mx dx

n=1

o

..'I ‘\ B 4 ‘.\ ‘.’1
=ap| cosmxdx+ 2 a, | cosnxcosmxdx + 2 b, | sin nx cos mx dx

ne | yew ne |

For using orthogonality function for above equation, the first and third term will be zero for

. . T
above equation. The only nonzero termis ™ and we get,

[(x) cos mxdx = amm

Solving for am, and then replacing m by n, we have

ay = - |.- flx) cos nx da n=1.23.
-2

e FORDETERMINATION OF b, ;

Similarly, if we multiply both sides of Equation A with sin mx by and integrate them, we get

by = — | [{x)sinnx da n=1,23.
T 3

. (3)
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So we get below result :

Fourier coefficients of f(x), given by the Euler
formulas

ay = % f_nf(x)dx

an =

Sl

Jﬂf(x) cosnx dx

1 T
b, =— f f(x) sinnx dx
T -1

¢ Orthogonality condition :

m P .
f_n sinnx sinmx dx = {

F{Trigonometric Poly.} = Itself

0O : n=m
mw :@ n=m

T
e [ _sinnx cosmxdx = 0 always

w
e [ _cosnx cosmxdx =
-1

0 : n=m
T o n=m

COS NT = (—1)"
T 0
J sinnx cosnxdx =
T
J cos nx cos mx dx =
-1
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Problems on Fourier Series

1) Find the Fourier series to represent f(x) = x? in the interval (0, 2m).

Sol: We know that, the Fourier series of f(x) defined in the interval (0, 2r) is given by

flx) = %9- + Z(a,, cosnx + b,, sinnx)

n=1

where, ay = %f:" f(x)dx
a, = %f:" f(x) cosnxdx
b 1 p2m et
oy = ;fo [(x)sinnx dx
Here, f(x) = x?

Now, ap = = [ f(x) dx = = [ x? dx

=1[£] " = Lm0l =

u:lm

2

ol __1_2!! S ___1_21!2._
Again, a, = - Jo F(x)cosnxdx = — [ x? cos nx dx

u v

- %Ix*’ J cosnxdx — {f%(xz)(f CoSs nx dx)dx}]
[ Juvdx = llfndx—-{f%
- 2o () (2w () ]

an
= —,_';lxz (S“"%) - i—{f.};sin nx dx}]
0

u v

<3 [ (Hnsy 3 (Lp e gy ot )

- 2
sm nr 2 COs nx 1
n 0

n

2
1 sin nx cosnx 1 8in nx
o2 e
n n o

1 2 [sin nx 2w
’—"; X — —'—YLOSHY——SIIIHX'
0

n

4 ' cos2Z2nm = 1
"sin2nmr =0

Afv dx)dx}]
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__4
? an“‘:"z'

. 1 r2n . 1 r2n ,
Again, b,, = ;fo f(x)sinnxdx = ;fo x? sin nx dx
i e
u v

= i Ix2 [ sinnx dx — U:—X(xz)(f sin nx dx)dx”

[-.-fuvdx=ufvdx—{f%

2

e (-2

1 2 cosnx
Al (e
n n

1 2 fcosnx 2
=—|—X St
n n n

an
J x cosnx dx}l
o Cs
0

{ u v
1 2 [cosnx 2 sin nx sin nx 2m
=~|—Xx Tl X— T fl dx
b n n 0
1 2 fcosnx 2 sin nx 1 2 2n
=—|—x ( )+~ X +—fsmnxdx)
br s n n n n 0
2n
1 cos nx 2 sin nx 1 cosnx
-2 () o3t e
ml n n n n n 0
2n
1 Cos nx 2 R 2
=—|- 2( )+——xsmnx+—-cosnx]
w n n? nd 0

_4m I cos2nm = l]

" sin2nm =

= |b, = ——

a

& f(x) = ?0 + Z(a,, cosnx + b, sinnx)

ZJ_I ( cosnx — ‘—'Slll 71.X')
) 4 T .
= x2 =—+ U'z — oS nx ——sinnx
3 n=1 n? n

This is the Fourier series for the function f(x) = x?

Hence the result

(v dx)dx}]
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—1T =< x<VU
X

2) Find the Fourier series of the periodic function defined as f(x) = {

1 1 1 n*
Hence deduce that =+ =+ + ... =

Sol: We know that, the Fourier series of f(x) defined in the interval (—m, ) is given by

f(x) = - + Z(a,, cos nx + b,, sinnx)

n=1

1 T .
where, a, = ;f:{ f(x)dx
1 pon I
anp =~ J_.. f(x) cosnxdx

b, = %f_-r., f(x) sin nx dx

- ;- <x<(
S § < e 5

Here, f(x) = {
Now, @ == [ f(x)dx == |f_°n f(x)dx + [ f(x) dxl
= ir [fi’n(—n) dx + f(;' xdx]
== [(—n) [ de+ [ xdxl

1 - m? 014
— —[—n_’z -+ -_—] = ——
w 2 2

= |@g = — =

2

Also, a, = %f_ﬂ" f(x) cosnx dx
= % [f_(_)n f(x)cosnxdx + fon f(x) cos nx dx]
= i If:)ﬂ(—n) cosnx dx + f: X COsS nx dxl
= % [——n f_‘_jn(cos nx) dx + [, x cosnx dx]
=2 (Em) ()= ra ()] ]
= i [— E (sinnx)?2, + {w - %f sin nx dx }:]

n

=L _7rg 0
== [ = (sinnx)?, +{

xsin nx 1 (—cos nx)}"]
0

n n n
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1 T . xsin nx 1 ®
=— I—— (sinnx)2,, + {— + — cos nx} I
o n n n? 0

= ?1; [--'3l [0 — sin(—nm)] + {(——"‘“: — + '—:;cos nn) - (0 + ;;‘—z-cos nO)}]

1 b .
= —[——'sm nm + {(
n

msinn

I n

I__ cos(—0) = cos 0

+ "L,cos 7171') _,%7 1}] " sin(—@) = sin@

. - (0) . . sinnmt = 0
= ay=2[-2O+{(F2+H 0 -3 = .
cosnm = (—1)

Y S I,

w n® n? nmn?

= |la, = —[(—1)" —1]

mn?

Again, b,, = %f_"_r f(x) sinnx dx
= % [f_on f(x)sinnxdx + fon f(x) sinnx dx]
= ;1‘- If_on(—-rt) sinnx dx + fon x sin nx dxl
= % [—-Tl‘ f_on(sin nx) dx + fon x sin nx dx]

=[P e D= -]

X Cosnx

s
=1 F—(cos nx)%, + {-— + = [ cos nx dx } I
T Ain n 0

1 [, . o { X cos nx 1 (sin nx )}"J
- s LX) — =
= l" (cosnx)?, + + »

n n

1 | X COS nx 1 2 pi
== l—(cos nx)2, + {——-—'-’— + — sin nx} J
an n 0

n

= % [% [1 — cos(—nm)] + {(_M + 7:—zsin nn) —_ (—() + ;:—zsin 710)}]

n

1 1 .
=__|£[1 — cosnn) _lfﬂilil = 1(1 — 2 cosnm)
T in n n

[ oo e sinnt = 0
. cos( 6)—(_050& &

- sin(—B) = sin @ COS NIT = (_1)n

- \b" i %(1 — 2 cosnir)

Hence, the Fourier series for given f(x) is given by

f(x) = ‘—i—kz;}"___,( a [(—=1)™" — 1] cos nx +%(1 — 2 cosnm) sin nx)

mn?
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= fi(x) = —% L o e (#I(—l)" — 1] cos nx + %(1 — 2 cos n) sin nx)

sin 2x sin3x sin4dx

- ™ 2 SR cos 3x cos S5x \ . _
= f(x) ——:—:(LU.\A +—3; +_s-“ + ..,)+(3.~.lnx = = =

Deduction: Put x = 0 in the above function f(x) , we get

2 1 1
£(0) = ———;(1 +oz+gr )
(0—0) = —m
Since, f(x) is discontinuous at x = 0, lf((O x 0; _ g

= £(0) =51/ (0—0) + /(0 + 0)]

g

Hence,f(())z—%z—%—r—“: 1+_%:+%+ )
= + . + 2 + -
12 ' 32 52 -8

Hence the result

3) Expand the function f(x) = x? as Fourier series in |-, 7|.

1 1 1 1 ™
Hence deduce that 1z + 22 ++ el + .= .

Sol: We know that, the Fourier series of f(x) defined in the interval (—m, ) is given by

a ]
f(x) = ?O + Z:(a].1 cos nx + b,, sinnx)
n=1

where, a, = %f_ﬁr f(x)dx
a, = %f_ﬂnf(x) cos nx dx
b, = %_]’_-; f(x)sin nx dx
Here, f(x) = x?2

Now, ay, = if_nw f(x)dx
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. 1
Again, a,, = ;f_nnf(x) cosnx dx
=2 (" x2cosnxdx
T ¥ —ITT

= %f;rxz cosnxdx [ f(x) is even = _]'_aa f(x)dx =2 fﬂaf(x)dx]

T

. . T
_ 2 [x2 sin nx 2X COS nx 2x sin nx]' _ 4 ( 1)7;
n n2 n? 0 n?

4
= |an = ;(_1)]'1

Again, a,, = %f_nﬂf(x) sin nx dx
= %f_: x? sinnx dx
=0 [+ f(x) is odd = [° f(x)dx = 0]

Hence, the Fourier series for given f(x) is given by

(7)

. 4
f(x) =x2 = . +Z;f‘=1n—2(—1)” cos nx
2 cos 2x cos 3x cos 4x
:x2:—+4(—cosx+ — + — )
3 22 32 42

Deduction: Put x = 7 in the above equation, we get

2
T cos 2T cos 3T cos 47T
=>7rz:—+4(—cos1r+ — + —)
3 22 32 42

2

=T =4(1++5+5+ )

2
=>2i:4(1 +o gt )
3 P 3 4
n,z

1 1 1
=)?—1+2—2+3—2+§+

Hence the Result
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f(x)=x+x* for —r<x<nm 1+ L, 1,1
" 2 ic 4
flx)=x+x* for —z<x<m T
&
7 1 L +—+ L -
e —+t Tt 1
6 2? 47 Yn=17;
- T<x<0) 1 1 1
(I)=| T——-l‘—. ......
/ L.\ O<x<nm 1© 3 5
7(x) |-= 7<x<0 .
x)= =
L O<x<nm TR
2 TP 1 1 | |
f(x)=x T <x<TmW poy g g
=5 —m<x<nm _Tz

»Education is not
the learning of

facts, but the
rraining of the mind
to think.’
_Albert Einstein
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