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     003-016303 
M.Sc. (Maths) (CBCS) (Sem-3) Examination 

December-2014 

Mathematics : Paper No – 3003 

Number Theory 1 

(New Course) 
 

 

Faculty Code : 003 

Subject Code : 016303 

 

Time :  2½  Hours]  [Total Marks : 70 

 

Instructions : (1) There are five questions. 

   (2) All questions are compulsory. 

 

1. Fill in the blanks : (each question carries 2 marks) 14 

 (i) If there are integers x and y such that ax + by = –1 then the g.c.d. of a and b is 

__________ 

 (ii) If p is a prime number and n a positive integer then the number of positive 

integers relatively prime to pn is __________. 

 (iii) If p is a prime of the form 4k + 3 then x
2 + 1 ≡ 0 (mod p) has __________ 

solutions. 

 (iv) If p, q and r are distinct primes then p4 q2 r5 has __________ positive divisors. 

 (v) If n = 100 × 202 then φ(n) = __________.  

 (vi) If p is a prime number and x is any positive integer then xp – x is divisible by 

__________. 

 (vii) If m divides ab then __________ divides b. 

 

2. Attempt any two : 

 (i) Prove that any integer n > 1 is a prime or it can be uniquely expressed as a 

product of primes. 7 

 (ii) Prove that the Euclidean algorithm can be used to find the greatest common 

divisor of two integers. 7 

 (iii) Define the Euler function φ(m). If m > 0, (a, m) = 1, then prove that aφ(m) ≡         

1 (mod m)  7 
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3. All are compulsory : 

 (i) If m = ab, (a, b) = 1, then prove that φ(m) = φ(a) φ(b). 6 

 (ii) Find the smallest positive integer x such that x ≡ 2(mod 3), x ≡ 3(mod 5),                

x ≡ 5(mod 7). 4 

 (iii) If m ≠ 0, a, x, y are integers then prove that ax ≡ ay (mod m) if and only if                  

x ≡ y








mod 
m

(a, m)
. 4 

OR 

 All are compulsory : 

 (i) Suppose d is a positive integer, p is a prime number and d/(p – 1). Prove that            

x
d ≡ 1 has exactly d solutions. 7 

 (ii) First find the solutions of f(x) ≡ 0(mod 3), f(x) ≡ 0(mod 5), f(x) ≡ 0(mod 7) and 

use them to find all solutions of f(x) ≡ 0(mod 105). Here f(x) = x2 – 1. 7 

 

4. Attempt any two :  

 (i) State and prove Hansel Lemma. 7 

 (ii) If m is a non-zero integer and a is relatively prime to m then define the order of 

a(mod m). 

  If order of a(mod m) = h and k is positive integer such that ak ≡ 1(mod m) then 

prove that h devides k. 7 

 (iii) Suppose p is a prime number then prove that p has φ(p – 1) primitive roots. 7 

 

5. Do as Directed : (each carries 2 marks) 14 

 (i) Define the concept of primitive roots. 

 (ii) Find the value of φ(63 × 625 × 49) 

 (iii) Find the highest power of 101 which divides 27321 !. 

 (iv) Find the number of positive integers relatively prime to 10100. 

 (v) Find primitive roots of each of the following …..11, 49, 25. 

 (vi) Give the definition of the congruence equation f(x) ≡ 0 (mod m). 

 (vii) Find σ(n) for n = 15, 37 and 1961. 

_____________ 
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