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TITLE
EXPLANATION

@ Residue:

v' In general, something that remains after a part is taken, separated,
or designated or after the completion of a process: remnant,
remainder: such as. The part of a testator's estate remaining after
the satisfaction of all debts, charges, allowances, and previous
devises and bequests.

In mathematics, more specifically complex analysis, the residue is

a complex number proportional to the contour integral of
a meromorphic function along a path enclosing one of

its singularities.

@ Pole:

v In complex analysis (a branch of mathematics), a pole is a certain
type of singularity of a function, nearby which the function behaves
relatively regularly, in contrast to essential singularities, such as 0 for
the logarithm function, and branch points, such as 0 for
the complex square root function.
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Pole (complex analysis)

IT(2)|

1
Order of pole

Real « 3§

Imaginary |

Modulus ((:;,‘L,,.,
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Trailer of Topic

Singular point

Zeros of complex
function

Pole,Simple pole,mt
order pole

Residue of function

Cauchy residue theorem

A Definite integral of
¥ trigonometric functions

Evaluation of improper
real integrals
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LEARNING OUTCOME

M This capstone has focused on how to use complex analysis to evaluate
various definite integrals in the real plane.

M Not only does this make computing certain integrals easier, but it also
allows us to evaluate integrals of functions whose anti-derivative is
unknown or impossible to find.

M Aside from evaluating integrals in the real plane, the amazing result of the
Residue Theorem is the ability to evaluate contour integrals such that non-
analytic points lie inside the closed contour.

M The Residue Theorems included in this capstone are a small sample of all

the Residue Theorems.

M The basic idea behind each Residue Theorem is the same, but each
theorem holds its own power and beauty.

M Without the brilliant minds that contributed to the Residue theorems, the
world would not be where it is today.
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& Definition: Singular Point

If the complex function f(z) is an analytic everywhere in nbhd of z,, except
Zo, then z; is called Singular point.

Example;

(i) ﬂ@=gﬁ;5

.. 20=1 & zp=2 are Singular point.

.. _ 1
(i) f(z) = z(z—2)(z—3)(z-5)

o 20=0, 20=2, 29=3 & z4=5 are Singular point.

% Definition: Isolated Singular Point

If the complex function f(z) is an analytic everywhere in every nbhd of z,,
except zo. Then z; is called Isolated Singular point.

Example;
i f@=-

V4

.. 2o=0is Isolated Singular point.

1

() f&) =5

.. zo=1is Isolated Singular point.
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If the complex function f(z) is an analytic everywhere Singular point
in nbhd of z,, except z, then z; is called
Write the Isolated singular point for function 2,=5

f(Z)=(Z_5)

% Definition: Zeros of Complex function

@ Let f(z) be an analytic everywhere in nbhd of z,, then by Taylor’s

expansion,

(z — z) (z— Zo)z

f(z) =f(z) + T f'(Zo)+Tf"(zo)+...............

If;
f(z0) =f'(20) = ["(20) = wov v vveveee.= fM71(25) = 0

But

f™(2z0) # 0
Then z, is said to be m™ order zero of f(z).

@ In particular m=1,

That means, f(z,) = 0 but f'(zy) # 0
Then z, is called 1* order zero of f(z) OR Simple zero of f(z).

% Definition: Pole

@ Let f(z) be an analytic everywhere in nbhd of z,, then by Laurent’s

expansion of f(z) at z,,
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(00]

) =) anlz—2)" + Z FEnT

n=0
where,

f(2) f(2)
= 2mf(Z-Z)"+1 z & bn 27le(z—z) nri ¢

@ Here 2" term of R.H.S. of Laurent’s expansion;

That means, Y., - 1(b— is called Principle part of Laurent’s

m
expansion.

@ If Principle part of Laurent’s expansion contain finite term;

That means,

f(2) = Y=o an(z — 2p)™ + br D2

(z—29) (z—2¢)?

Then z, is called m™ order pole of f(z).

@ In particular m=1,

f(2) = X2 an(z — 2g)" + —2

(z-29)

Then z, is called 1* order pole OR Simple pole.

. Prepared by: Ms.Renuka Dabhi | MATHS/Sem-6/P-601/Unit-5|
| RESIDUE & POLES |




SHREE H.N.SHUKLA COLLEGE OF SCIENCE [NERS

Sr.No.| ___ Question | Answer

2" term of R.H.S. of Laurent’s Principle part of Laurent’s
expansion is called expansion

If Principle part of Laurent’s m' order pole of f(z)
expansion contain finite m term

then it is said to be........

If Principle part of Laurent’s Simple pole
expansion contain only first term
then it is called........

Write down the formula of Laurent’s

expansion. f(2) = Z an(z —zp)"

n=0 o
b
R
(z — zp)"
n=1

e}

% Definition: Residue of f(z)

Let f(z) is an analytic everywhere in nbhd of z,, except z,. Then the

- 1, , . .
coefficient of in Laurent’s expansion is called Residue of f(z) at pole z,

Z—Zg

and it is denoted by
1
by = Res(F(2), ) = 5. [ @)z
C

EXAMPLE-1:

Obtain the formula for finding residue of f(z) at Simple pole.

SOLUTION:

Let f(z) is Simple pole.
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By definition of Simple pole,

(0]

— n by
f) = ZO R

(2= 2)f(2) = ) an(z = 2)™ + by

n=0

Now, we taking limit both sides;

o lim (z = zg)f(z) = lim Z a,(z — 2g)™* + by
Z—2Zg ZDZ p

Zh_)r? (z—29)f(z) =0+ b,
= by = Res(f(2),z9) = lim f(2)(z — z,)

EXAMPLE-2:

z+2

Find the residue of f(z) = D=2

at Simple pole.

SOLUTION:

zZ+2
(z-1)(z-2)

Here, f(2) =
Pole is (z-1)(z-2) = zp=1 and z4=2
Now,

Residue of f(z) at zo=1

by = Res(f(2),20) = lim f(2)(z ~ 2)

.. by = Res(f(z),1) = lim s

z—-1(z-1)(z-2)

(z—1)===-3
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Residue of f(z) at z,=2

. by = Res(f(z),2) = hm ks

ey D=

EXAMPLE-3:

2z

Find the residue of f(z) = - c at Simple pole.

(z-1)
SOLUTION:

Here, f(2) =

z(z 1)
Poleis z (z-1) = z9=0 and z,=1
Now,

Residue of f(z) at zo=0
ZZ
. by = Res(f(2),0) = llr%Z(Z 5Z= i—l =-1

Residue of f(z) at zp=1

. by = Res(f(2),1) = llm (z —1)=¢e?

EXAMPLE-4:

2
Find the residue of f(z) = j(zzjzz)

at Simple pole.

SOLUTION:

3z%42
z(z-2)

Here, f(z) =
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Pole is z (z-2) = 7z,=0 and z,=2
Now,

Residue of f(z) at zo=0

. 3z%+42 2
-. by = Res(f(2),0) = ?l%z(zz_z)z ===-1

Residue of f(z) at zy=2

.. by = Res(f(z),2) =lim 32742

14
z—2 z(z-2) (Z N 2) o 7 =7

EXAMPLE-5:

3z241

Find the residue of f(z) = prTY——

at Simple pole.

SOLUTION:

3z%2+1
z(z—1)(z—-2)

Here, f(2) =
Poleis z (z-1) (z-2) = z0=0, zp=1 and z4=2
Now,

Residue of f(z) at z,=0

. B L 3z%+1 _ 1 _1
. b1 - Res(f(Z), 0) - B_I)% z(z—l)(Z—Z)Z o (-1)(-2) T2

Residue of f(z) at zo=1

by = Res(f(2),1) = lim—2 (2 - 1)

z—12(z—1)(z-2)

4

= = —4
W=D
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Residue of f(z) at z,=2

.. by = Res(f(z),2) =lim 32741

z—2 2(z—1)(z-2)

EXAMPLE-6:

eZ

Find the residue of f(z) = ey

at Simple pole.

SOLUTION:

eZ

Here, f(z) = prorey

Pole is z (z+1) = z,=0 and zp=-1
Now,

Residue of f(z) at z,=0

0

.. by = Res(f(z),0) = lim

7 = e— =
z—02z(z+1) €8]

1

Residue of f(z) at zp=-1

e—l

=D

e

.. by = Res(f(z),—1) = Zl_i,IP

1)(z+1)=

1z(z+

EXAMPLE-7:

3z

Find the residue of f(z) = at Simple pole.

s
(z—1)(z%2+4)

SOLUTION:

3z 3z

e
(z-1)(z2+4)  (z—1)(z+2i0)(z—20)

e

Here, f(z) =
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Pole is (z-1) (z+2i) (z-2i) = z¢=1, zp=-2i and z,=2i
Now,

Residue of f(z) at zo=1

3z 3

(Z—1)= Ie3 _ e

(1+20)(1-2i)  1-4i2

= Res(f(2),1) = 11

e
1(z 1)(z+2i)(z—-2i)

Residue of f(z) at zp=-2i

e—6i
( +2 ) (-2i-1)(-2i- 21)
i —6i —6i

e3Z

2i (z—=1)(z+2i)(z—2i)

. by = Res(f(z),—-2i) = hm

e—6l

(—2i—1)(—40) _ 8i%+4i _ 4(i-2)

e e

Residue of f(z) at zp=2i

3z (_2)_ 6i

61

e
zl(z 1)(z+2i)(z—2i)

~ by = Res(f(2),2i) = lim m

e e6l e61.

Qi-1)(40) _ 8i%—4i  —a(i+2)

EXERCISE-A

Find the residue of following functions at Simple pole.

f( ) - z(zZ+1)

2) f(Z) _ z342z

(z—-1)(z-2)
2Z+1
3) f(2) = —

z(z-1)
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If f(z) is an analytic everywhere in Residue of f(z)

nbhd of z,, except z,, then the

.. 1.
coefficient of ——in Laurent’s
—40

expansion is called.......
Give the formula to fond residue of b, = Res(f(2),z,)

f(z). _ i

- Write down the value of z, for the 2,=0 & -1
. _e*
function f(z) = e

THEOREM:

If 2o is the m™ order pole of complex function f(z) then prove that

o™ (2o)
(m—1)!

Res(f(2),20) =

Where,

B(z) = (z = 29)"f (2)

Obtain the formula for finding the residue of f(z) at m"™ order pole.

PROOF:

Let 2o is m" order pole.

By the definition of pole,
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(00]

_ n b b, bm
f(z) = Z a,(z —zy)™" + Z=20) + Z=z0)? + ...+ Z=z)"

n=0

= f(2)(z = zp)™

= z a,(z = 2)""™ + by (z—2o)™ 1+ by(z — 29)" 2 + ...+ by

n=0

Let B(2) = (z — z)™f (2)

~0(2) = Z an(z —2))""™ + by (z — 20)™ 1+ by(z—2y)™" 2 + ...+ by,

n=0

Now, we expand @(z) by using Taylor’s series

(z — zp)? (z—zp)™ "

B(z) = B(zo) + (z — 2p)D'(20) + ol @"(zo)+... + (m — 1)

Now,
We compare co-efficient of (z-z,)™" of equation (1) & (2), then we have

0™ (20)

by = (m —1)!

Where,
B(z) = (z = z))™f(2)

. Residue of f(z) at m™ order pole,

Res(F(2),70) = by = =22, Where, 0(2) = (z = 2)™f(2)
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EXAMPLE-8:

Find Res (1_62, 0)

z4

SOLUTION:

1-e?

z4

Here, f(z) =
Pole is z* = z4=0 and z,=0 is 4™ order pole.

Now,

9" (z)  2(0)

by = (m—1)! 3!

We know that

1—e?
0(2) = (2 - 2)"f(2) = 2* (——) = 1= ¢?

0'(2) = —e*
0%(z) = —e?

0%(2) = —e? = 03(0) = —e® = —1
By equation (1),

830 -1 1
O T T

EXAMPLE-9:

Find Res ((sz;z)z , 3)
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SOLUTION:

ZelZ

Here, f(z) = 3y
Pole is (z-3)> = z,=3 and z,=3 is 2" order pole.
Now,

0™ (z)  9'(3)
C (m-1! 1

by =0'(3)

We know that

®(z) = (z = 29)™f(2) = (z = 3)* ((zz_el;ﬂ) = ze%

@' (z) = ze%i + e? = e%(iz+ 1)
~0'(3) =e3@Bi+1)
By equation (1),

b, =0'(3) =e3@3Bi+1)

EXAMPLE-10:

Find Res ((Ze_zlz)z , 1)

SOLUTION:

eZZ

Here, f(z) = Y

Poleis (z-1)> = zo=1 and z5=1is 2" order pole.
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Now,

_0" M=) _9'(D)

by = (m—1)! 1

=0'(1)

We know that

0(2) = (z=2))"f(2) = (z = 1)° ((ze_ 1)2) = o2

@' (z) = 2e?*

" @'(1) = 2e2

By equation (1),
b, = ¢'(1) = 2e?

EXAMPLE-11:

Find Res( e z )

z2(z2+1)" 70

SOLUTION:

2z 2z

e

Here, f(2) = T

e

241)  22(z-0)(z+1)
Pole is 2° (z-i) (z+i) = 20=0, zo=i, Zo=-i
For 2,=0 and z,=0 is 2" order pole.

Now,

_ 0" (z0) _ 9'(0)

by = (m—-1)! 1!

= 0'(0)
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We know that

eZz

z2+1

5 eZz
0(2) = (z - 2)"f(2) = 2 (ZZ(ZZ . 1)) _
(2% + 1)e**(2) —e*(2z) 2e*(z°—z+1)

(2)= @+ 1)? T @+ 1)

» 9'(0) = 2e°(1) = 2

By equation (1),
=9'(0) =2

Now,

Residue of f(z) at zp=i

eZL eZL ieZl

. by = Res(f(2),i) =lim

e?? .
z-1 22(z+1)(z—1) z-0= i2(i+i) (-0 2

Now,

Residue of f(z) at zg=-i

e 21 -2

e

CD2(-i-) _ (-D(-20)

by = Res(f(2),—1) = lim

z——1i ZZ(Z+l)(Z i)

(z+10) =
—je~2
2

Write down the formula for findingthe Res(f(z), z,)
residue of f(z) at m™ order pole. 0™ 1(20)

 (m-1)!

— What is the order of Pole z*? 4™ order
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THEOREM:

State and prove Cauchy residue theorem.
STATEMENT:

If the complex function f(z) is an analytic everywhere inside and on the closed
contour C, except the finite number of poles (singular points z,, z,,
inside contour C) then,

ff(z)dz = 2milk, + k, +
C

n
jf(z)dz = Zniz k;,where, k; = Res(f(z),z;),i =1,2,.....,n
c i=1

PROOF:

e Let the complex function f(z) is an analytic everywhere inside and on the
closed contour C, except the finite number of poles z;, z,,
inside contour C.

= X
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e Now we draw a very small circles C;, C,, , C, with centre z4, 7, ........, Z,,
respectively.
In such a way boundaries of these circles and boundary of contour C are
distinct.
Thus, the complex function f(z) is analytic inside contour C and exterior
region of the circles Cy, C,,

.. By Cauchy fundamental theorem, line integral of f(z) is zero for this region.

ff(z)dz— jf(z)dz— Jf(z)dz— e Jf(z)dz= 0
c C1 Ca Cn

jf(z)dzz jf(z)dz+ jf(z)dz+
C C1 Cz

Let k; = Res(f(2),z;), wherei=1,2,..........,n
Now,

by = Res(f(2),2) = k4

jf(z)dz = 2mi -k,
Cy
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Now,

k, = —
27 omi

j f(2)dz = 2mi - k,
)

ff(z)dz = 2mi - k,
Cn

Adding above term in equation (i),

ff(z)dz =2mi-ky +2mi-ky, + ........+2mi - k,, = 2mi[k, + k, +
C

OR

n
jf(z)dz = Zniz k; ,where k; = Res(f(2), z;), i=12,.....,n
c i=1

EXAMPLE-12:

Evaluate

z(z—1) 25 Lalzl =
C
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SOLUTION:

5z-2
z(z—-1)

Here, f(z) =
For poles z(z-1) = zo=0 and z,=1
Zo=0 & 1 e Cand z,=0 & 1 is first order pole.

For z,=0,

Residue of f(z) at zo=0

: _ 5z—2 -2
ky = Res(f(2),0) = lim (2~ 20)f (2) = limz (-7~ ) = =7 =2

For zp=1,

Residue of f(z) at zo=1

5z—2
ke, = Res(f(),1) = lim (z = 20) (2) = lim(z = 1) (77— ) = 3

Now, By Cauchy residue theorem,

5z—-2 , , ,
jz(z— D dz = 2milk, + k,] = 2mi[2 + 3] = 10mi

C

EXAMPLE-13:

Evaluate

f 1222
z(z—1)(z-2) 2y L=y

c
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SOLUTION:

1-2z
z(z—1)(z-2)

Here, f(z) =
For poles z(z-1)(z-2) = z9=0, zo=1 and zp=2
Zy=0 & 1 € C but zy=2 does not belongs to C and z,=0 & 1 is first order pole.

For z,=0,

Residue of f(z) at z,=0

1-12z ) 1

ki = Res(f(2),0) = Zli_glo(z —20)f (2) = ?—%Z (z(z -D(z-2) N =D(=2)

1

2

For zp=1,

Residue of f(z) at zo=1

| _ 1-2z
k, = Res(f(z),1) = le_glo(z —2z)f (2) = ?E}(Z - 1) (z(Z —1)(z — 2))
1-2

“1a-2 *

Now, By Cauchy residue theorem,

j L=22 = ok +k]—2'[1+1]—2'(3)—3'
2G-Dez=D z = 2milky + k] = 2mi |5 = 2mi(5) = 3mi

C

. Prepared by: Ms.Renuka Dabhi | MATHS/Sem-6/P-601/Unit-5|
| RESIDUE & POLES |




SHREE H.N.SHUKLA COLLEGE OF SCIENCE [NFI

EXAMPLE-14:

Evaluate

fz‘3e‘zdz, C:lz| =1
c

SOLUTION:

Here, f(z) = £

Z3
Poles 22 = z,=0
Z,=0 € C and z,=0 3" order pole.

_20)
2!

kq
O(z)=e"*
0'(z) = —e*
QZ(Z) = e ?
~ 02(0) =1

By equation (i),

Now by Cauchy residue theorem,

1
jz‘3e_zdz = 2mik, = 2mi (E) = mi
c
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EXAMPLE-15:

Evaluate

SOLUTION:

For pole z2 + 2z + 5

—b+Vb?—4ac —2+.,/4-41)(5) -2+V-16
h 2a B 2(1) B 2

~ Zyg=—1+2iand zy = -1 - 2i,
Zo=—1+2i=(-12)€C&zy=-1-2i=(-1,-2)€C

and z, = —1 % 2i Is first order pole.
~ Residue of f(z) at zy = =1 + 2i

ky = Res(f(2),—1 + 2i)
7 eniz
=, C =2 e TG v 1+ 20
(=1 4 20)e™E1+2D (1 4 2i) - . 72"
T 1+ 2i+1+20) 4
_ (=1+2i)-e " [cos(—m) + isin(—m)] (=1 + 2i)e ?"(~1)
4i 4i

(1—2i)e 2"
4i
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Now,
~ Residue of f(z) at zy = —1 — 2i

k, = Res(f(z),—1 — 2i)

iz

zZ'e
= i 1+ 2i)-
im (z+1+20) Z+1-20)(z+1+20)

(-1 —20)e™ 172D (=1 —20)-e7™ "
T (F1-20+1-20) —4i

(-1 -20)e?*™(-1) (1+ 2i)e?"
- —4i T 4

By Cauchy residue theorem,

j z - e™? dz = 2k, + o] = 27 (1—20)e 2™ (14 2i)e?™
72 + 2z + 52 T Al Tl = ot 4 4i
|z|=3
_Zm'
T4

_ %[(1 —20)e™2" — (1 4 20)e?"]

[(1—20D)e %" — (1 + 2i)e?™]

EXAMPLE-16:

Evaluate

etz
d
]zz(zz+22+2) z
|z|=3

SOLUTION:

Here,
tz

d
z2(z2 + 2z 4+ 2) z

f2) =
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Poles 2 = z,=0

For pole z% + 2z + 2

—=b+vVb2—4dac —-2+.4-4(1)(2) -2+V-4
h 2a B 2(1) B 2

Zo=—1+iandzy=-1—1
Now,
Z,=0 is second order pole.

0" (z) ,

tz tz

e e

B(2) = (z—zy)"f(2) = z° 'Zz(zz + 2z +2) ~ 72 +2z+2

[((z2 +2z+2) e -t —e'%(2z + 2)]
(z%2 + 2z + 2)?

“Q(2) =

(D)) —-1(2)] 2t—-2 t-1

- 0°00) = 4 4 2

By equation (i),

t
k, =0'(0) = 5

Zo = —1+iis 15t order pole
For zp=-1+i

Residue of f(z) at zg=-1+i
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k, = lim (z — zy)f (2)
zZ-Z,
tz

e
= lim (z+1-10)
,Jim (2 2 22z+1-0)Z+1+10)
pt(=1+0) et pit et . pit

T+ 1+iti+) (A-2—D@) 4

-t

For zo=-1-i
Residue of f(z) at zp=-1-i

ks = lim (z = 20)f (2)

etZ

z2(z+1-0D(z+1+10)

et(—l—l) e~ t.p-it e

T 1-02(—1-i+1-0) (A+2i-D(=2)

= lim (z+1+1i)-
z-—1-1

-t . e—lt

By Cauchy residue theorem,

etz .
| [[ ZZ(ZZ T o7+ 2) dZ = 27‘[l[k1 + k2 +k3]
z|=3

[ . eit e—t . e—lt
= 27mi +
i " " ]

_, _'t—1+e‘t elt + e _, _t—1+e‘t .
= m_ 5 5 5 = 2mi | — 5 cos
=mi[t — 1 + e tcost]

EXERCISE-B

Find the residue of following functions:
3z%+2
1) fcmdz, where C: |Z| =2

2Z+3
2) sz(z—l) dz, where C:|z| =2
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3) fC . dz where C:|z| = 2
4) [.e7?z 2dz where C:|z| = 1

z%2+42z
) fC (z+1)2(z2+4) dZ; where C: |Z| =3

What is the value of singular point for -1+
pole z%2 + 2z + 2?
— First order pole is also known as Simple pole

% Definite integral of trigonometric functions:

To evaluate

2T
] F[cos8,sinf] db
0

Putz = e

dz = ie'?do = do = ‘i‘z

ei9+e_i9 Z+z~
cosf = . =
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21
j F[cos@,sin@]d@zjf(z)dz, C:lz| =1
0 C

EXAMPLE-17:

Evaluate

2T

1
do; a* <1
jl—Zac059+a2 @

0

SOLUTION:

z=e'

, dz
dz=¢e? -idf = do =—
iz

Z=cosO +isinf

=cosf —isinf

1
VA

72+ 1

1
=2cosf = cosf =
VA 2z
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Here,

1
(z—a)(1—az)’

f(2) =

1
Zo=a€Candzy, = 2 does not belongs to C

For zg=a is first order pole.

Residue of f(z) at zy=a

1
ko = Zli_glof(z)(z—zo) - y—rfclz(z—a)(l — az) Z-a)= 1-a2

Therefore, By Cauchy residue theorem,

46 = 2mi(k 1_2m’( 1 )_ 21
= 2mi(ky) i i \1—-a?) 1-a?

2w

j 1—2acosB + a?
0

EXAMPLE-18:

Evaluate

T
——
(2 + cos 0)?

0

SOLUTION:

We know that

72+ 1
cosf = ,
2Z

Now,

. Prepared by: Ms.Renuka Dabhi | MATHS/Sem-6/P-601/Unit-5|
| RESIDUE & POLES |




SHREE H.N.SHUKLA COLLEGE OF SCIENCE [NEIIS

f 1 dz_lj‘ 1 dz_lj 4z p
2 iz i (4z+22+1>2 z i) @razrip”
2z ¢

2 iz 1
C <2+<Z 2‘|Z' 1)) C
_ —btvVb?—4ac —4+./16-4(1)(1) —4+2v3
- 2a a 2 2

=-2++3

Zy

Zzo = =2+ V3 € C and z, = —2 — V3 does not belongs to C

For z, = —2 + /3 is second order pole.

0™ (zy)

k1 = (m—1)!

=0'(-2++3)

Now,

4z
(z+2—/3)2(z + 2 +/3)2

0(z) = (z—z0)™ f(2) = (z+ 2 —V3)%-

_ 4z
_(Z+2+\/§)2

[((z+2+V3)2-4—42(2(z+2++3) 1]

(2) = (z+ 2 +V3)

Lo A2+ V34+2+V3)? —2(-2+V3) (-2 + V3 + 2+ V3)]
(2 43) = (=2 +V3+2+3)"

_4[12-2(-2+V3)(2V3)] 16
- 144 T 144 3-23+3)

= [3+2\/§—3]=%§

By equation (i), k; = ¥

l

d6 = mi(k,) % = ”—i<2;/§> = 32\;%

T

: f 1

") (2 + cos9)?
0
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EXAMPLE-19:

Prove that

2T
cos 260 T

5+4cos€d9_6
0

SOLUTION:

We know that

72+ 1
cosf = ,
27

2.1
7%+ 772 7 /ZZ

_z4+1
2 B 2 T 272

Now,

7441 z4+1/
( 222 ) dZ 1 222
oty =1 s

2 ST 2
) 5+4(z +1> iz i (1OZ+2422 +4>

27 ¢

_1j z*+1 y _1j z*+1 p
i) z2(4z2 + 10z + 4) S z2(z+2)(4z + 2) z
C C

Zg = O,ZO = _Z,ZO = _E

zy =0, —3 € C and z, = —2 does not belongs to C

For zo = 0 is second order pole.
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0" (20)

=== 2O ORI ()

zt+1 B zt+1
z2(z+2)(4z+2) 4z2+10z+ 4

O(z) = (z —z))™f(2) = z* -

[(4z% + 10z + 4) - 4z3 — (z* + 1)(8z + 10)]

0 = (422 + 107 + 4)?

[0—(1)(10)] 10 &

PO = ="~ "%

By equation (i), k; = —%

1. ..
Forz, = — S is first order pole.

Residue of f(z) at z, = _%

k, = lim(z — z)f (2)
Z—2Zg
z¥ 4+ 1
lim (z + )
Z"‘E z%(z+ 2)(4z + 2)

1
+1
z4+1 /16 17

lim (z+ =) = =—
Z*-%< 2> z2(z+ 2)4(z + %) 1/4 (3/2) 4 24

By Cauchy Residue theorem,

2T

cos 260 46 = 2mi(k, + k) 1_2m[ _ [ ]
Cemia T ) =T =25y

54+ 4cos@ 8 24

0
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EXAMPLE-20:

Show that

2T
sin?6 10 = 21
a+ bcosb Y
0

SOLUTION:

(a-bVaz=b2); (@a>bh)

Let Cis unit circle.

We know that,

(z° = 1%

4z* dz 1 J (z2 — 1)

S d
2az+bz?+b z 20 ) z?(bz? + 2az + b) g

27 ¢

Forpolez? =0&bz?+2az+b =0
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—b +Vb? — 4ac _—2a + V4a? — 4b? _—a + Va? — b2
2a B 2b B b

—a +Vva? — b?
b
o -NT

€ C but A does not belongsto C; (~ a > b)

ZO=O&ZO:

VA =08120 =

For z, = 0is 2" order pole.

_ "1 (20)

g (m —1)!

= 0'(0)

Now,

(22 = 1) (22 = 1)°

0(2) = (z = 20)"f(2) = z* '72(bz% + 2az+b)  (bz2 + 2az + b)

[(bz? + 2az + b) - 2(z%2 — 1) - 2z — (z% — 1)?(2bz + 2a)]

» 0(2) = (bz? + 2az + b)?

0-(-1%*Qa)  2a
b2 ~ b2

s~ 0'(0) =

2a

By equation (i), k; = —2

—a+Va?-b?% . .
For z, = —) IS first order pole.

Residue of f(z) at z,,
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—Jaz — p2
<z+a ba b)-(zz—l)z
k2= hm
—a+mzz_<z+a—\/a2—b2><z+a+m>
b

Z—>

b b

2
(—a ++Va? — b2>2 _1
b

<—a + Va? — b2>2 (—a + Va2 — b? L@ + Va2 — b2>
b b b

(a®? — 2ava? — b2 + a? — b? — bz)2
b4—

(—a+VaZ=5?) @@ b2
b? b

(2a®? — 2ava? — b2 — ZbZ)2
2(—a ++Va? - bz)z(\/a2 — b?)
K
4 (a*-aVa@ =BT -b?)
2b|(Vam=57)(~a + Va? = b?)’
[(\/a2 — bz)(\/a2 — b? — a)]Z}
(\/a2 — bz)(\/a2 — b2 — a)z
2[(Va2 =) (Va2 = b2 —a)’| _2 (JE=5)
b_(\/az—bz)(\/az—bz—a)2 b

2
b

By Cauchy Residue theorem,

-_1] it S = 2L il + k]
" 20 ) 222+ 2az+ b) 0T 2 AT
C

= [ 47 (Vo= 82)| = 25 (a - b/a® — 22)

b2 b b2
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EXAMPLE-21:

Prove that

2T
cos 26 16 = ZnPZ_ 0<P<1
1—2Pcos@ + P2~ 1-—p2’ ( )

0

SOLUTION:

Let Cis unit circle.
We know that,

_dz

)

iz

(24 + 1)
3
— z dz

iz 2i) 2z—2Pz2—2P + 2P2z
>+P2 ¢ 27

B j z¥+1 Uy = 1f zt+1 4
T2i) 22Gz—P22—P+P22) 2T 2i) 22z-P)(1 - P2) **
c C

For pole z2(z — P)(1 — Pz) = z, = 0, P,%

1
zo=0andzy =P € C &z, =% does not belongs to C.

For 2,=0 is 2" order pole.

_ 0" (z)

k1 (m—1)!

= 0'(0)
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Now,

z¥+1 z¥+1

B(z) = (z — zp)™f(2) = z* '722(z—P)(1 - Pz) (z—- Pz2— P + P27)

[((z—Pz?— P+ P?2)(4z%) — (z* + 1)(1 — 2Pz + P?)]

- 02 = (z — Pz? — P + P?z2)?

0— (1)(1+ P? —1— P?
RO PO o) M

_1_p2
By equation (i), k; = 1PZP
Zo=P is first order pole.
Residue of f(z) at zp=P,

zt+1 _ P*+1
z—P)(1-Pz) P2(1-P2?)

ke = Jim (z = 20) () = lim(z = P) 7

By Cauchy residue theorem,

2
fT 0520 0y e L ZH[ZI=P? P
1—2Pcosg + p2z 0 — “MlaT el 5 =5 |7 pz  Thz(1-P?)

0

(-1 —P*)(1 —P?) +P*+1]

_ P2(1— P?) |

(—1+ P2 — P24+ P*+P*41] m-2P* 2mP?
PZ(1— P2) |~ P2(1—P%)  1-p2
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EXAMPLE-22:

Prove that

T

j a0
a? + sin%6 B
0

SOLUTION:

We know that,

z2 -1 dz
;de =
iz

dz

— 1)2
422
_ aj 4z d
i) 4a?z2 — (z%2 —1)? d
C
_ 4a VA

i) az—2z2+1)(2az + 22— 1) z
C

_ 4aj VA d
T T )@ —2az-D(Z2+2az-1D "
Cc

For pole (z°-2az-1)(z*+2az-1)

—b+ Vb2 —4ac 2a++V4a?+4
oo ZO: Za == 2 =ai a2+1

L zZg=a++a*+landzy=a—+a*+1
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Now,

—b++Vb2—4ac —-2a++V4a?+4
__bT _ =—a+-Jaz+1

%o 2a 2

s Zg=a—+a*+1&zy=—-a++a?+1€Candzy=—-a—+a*>+1&z,

= a++a? + 1 does not belongs to C
For z, = a —Va? + 1is first order pole.
Residue of f(z) at zy = a — Va? + 1

kq
= lim (z—a++va?+1)

z-a—Va?+1
zZ

-(z—a+\/a2+1)(Z+a—\/a2+1)(z—a—\/a2+1)(z+a+\/a2+1)
a—+Va?+1
(a—Va?+1-a-vVa?+1)(a—Va2+1+a—-Va?+1)(a—Va2+1+a+Va?
B a—va?+1 _ 1
(Ve +1)(2a—2Va? ¥ 1)(2a)  8avaZ + 1

For z, = —a + Va? + 1is first order pole.

ks
= lim (z+a— a2+1)

z-—a+va?+1
Z

.(z+a—\/a2 +1)(z+a+\/a2+1)(z—a+\/a2+1)(z—a—Va2+1)
) PN e N
(Va2 +1)(—2a+2Va? + 1)(—2a)  8avaZ +1

By Cauchy residue theorem, we get
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/s

f 40 =2 ilky + ky] = —4 ! !
————df=——"mi = —4ar |- —
a? + sin?6 L P 8ava?+1 8ava?+1

0

_ 8am _ T
8avaz+1 +Va2+1

EXERCISE-C

Find the residue of following functions:

2w df _2m

1) fO cos0+2 \/_§
27 do _2m

2) fO 5+4cosf 3

2T dao 21
3) fO 1+acos@ Vi-a2?’ —1<a<l1

21 cos 36d6 T
4 =—
) fO 5—4cos 0 12

% Evaluation of improper real integrals:

Yr
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R
f F(x)dx = lim UR f)dx + C[ f(x)dx]

— 00

where Cy is upper half of circle C:|z| =R
Now,

When R—eo then fCR f(x)dx =0

jf(x)dx = lim ff(x)dx = 27i(ky + ky + o

Where kj, ks, , kn are residue of f(x) at poles.

EXAMPLE-23:

Evaluate:

(0.0]

dx
_[ (x+ 1%+ 2)

— 00

SOLUTION:

Let

[ & [ dz
__[ (x+1)(x2+2) __I (z+1)(z2+2)
Forpole (z4 1)(z?+2) = zy = —1,z, = +V2

zo = —1,V2i € C and z, = —V2i does not belongs to C

For zp=-1is first order pole.
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_ 1 1
ki = Jim (z +1)- z+1D(@Z2+2) 3

For z, = V/2i is first order pole.
1 1
k, = lim (z —V2i =
27 o zl( ). (z+ D(z—V2i)(z+V2i) (V2i+1)(2V2i)
__ v r 2V2i+4 2V2i+4 V2i+2
TTai2vai 2VZi—4 2vZ2i+4 8-16  (-12)

By Cauchy residue theorem,

_ oilles + k)] = 2’”[1 V2i + 2 zmll_(\/iiu)

dz
_f (z+1)(z%2 +2) (—12) 3 4

_ 2mi[4—V2i-
E 4

2] =%i(2—\/ii)

n—i(Z—\/Ei)

. dx —
' _j (x+1)x2+2) 6

EXAMPLE-24:

Evaluate:

x2

__I (x?+1)(x? + 4) dx

SOLUTION:

Let
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2

_f (x?2+1)(x%+4) x—_f (z2+1)(z% + 4) z

Forpole (z2 + 1)(z% + 4) = z, = +i, z, = +2i
zyg =1and 2i € C and zy, = —i and — 2i does not belongs to C

For z, = i is first order pole.

7?2 i% —1

GZ-DE+)z+20Ez-20) @DBD) —6(-0)
1

k, = lim(z — i)
Z—1

~6i
For z, = 2i is first order pole.

e N z? 42 -4 1
2= Iz =2 S T T DG —2)  GDM@D)  —12i 30

By Cauchy residue theorem,

2

—omille 4k = 2mi |- 2=ty
z = 2milky + kol = m[ 61 3i]_3i[ 2

z
__[ (z2+ 1)(z% + 4)d
_ 2T 1] _ T

30121 73

. foo x? g T
h (x2+1)(x%2+4) *=3

EXAMPLE-25:

Evaluate:

. Prepared by: Ms.Renuka Dabhi | MATHS/Sem-6/P-601/Unit-5|
| RESIDUE & POLES |




SHREE H.N.SHUKLA COLLEGE OF SCIENCE [T

(0]

f x> +x+3 y
X5t t4a

— 00

SOLUTION:

Let

f x*+x+3 J z2+z+3

dx = d
x*+5x2+4 X z¥+5z2+4 z

For pole
z*+5224+4=0=z*+22+42°+4=0=>2z%(Z*+1)+4(=*+1) =0
2+ 1)(z%2+4)=0
~ Zg=*iand zy = £2i
Zo=1&2i € Cand zy = —i & — 2i does not belongs to C
For z, = i is first order pole.

_ z2+z+3 B i>+i+3 2+
(z—D)(Z+D(z+2)(z-2)) Q)GBH-i) 6

VAd’

For z, = 2i is first order pole.

z2+z+3 4i+2i+3 2i—1

Z-DZ+)z+20Ez-20) OGHG) —12i
1-2i
~ 12

k, = lim (z — 2i) -
Z—21

By Cauchy residue theorem,

e}

j z’+z7z+3

z* 4+ 5722 4+ 4

— 00

Q7 = 2ilk I _2,2+i+1—2i]
z = 2milky + k,] = m[ = 157

21Tl 1-— Zi] T 51

=K[2+l+ > 6[4+21+1_21]=?
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(0]

f x4+ x+3 51

dx =
X +52+4 6

— 00

EXAMPLE-25:

Evaluate:

(0]

sin mx
dx; m>0
X

0

SOLUTION:

Let

(00 (00

sin mx sinmz
dx = dz
X A

0

Now, we take

For pole z=0 = z,=0

2o=0 is first order pole.

eimz _
k, =lim(z —0) - =m0 =1
z—0 Z

By Cauchy residue theorem,

° eimz
j " dz = mi(k,)
0
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e}

f cosmz + isinmz

dz = mi

zZ
0

(00 (00

cosmz sinmz )
f Z dz+if . dz =0+ mi

0 0

Compare the real & imaginary part, we get

(00 oo

cosmz sinmz
j dz=0 & f =T
A A

0 0

EXERCISE-D

co dx T

1) fO x2+1=;
) [ =3

o (14x2)2 2
3) J«oo dx _ m
0 x%+1 2v2
2

o X _ T

4) fO (x249)(x2+4)2 200
5) fooo ¥ - T.a>0

(x2+a?)2  4a3’
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